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Abstract
We calculate the three-loop Adler D-function of N = 1 SQCD regularized by higher
covariant derivatives and find the subtraction scheme in which the exact NSVZ-like
relation for this function proposed in Refs. [1, 2] is valid.
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1 Introduction
Recently it was proposed [1, 2] that the Adler D-function of N = 1 SQCD is related to the
anomalous dimension of the chiral matter superfields by the equation
D(αs0) =
3
2
N
Nf∑
α=1
q2α
(
1− γ(αs0)
)
, (1)
where N is the number of colors, Nf is the number of quark flavors, and qα are quark electric
charges. This relation is very similar to the NSVZ exact β-function [3]. Eq. (1) was proved
for the D-function and anomalous dimension defined in terms of the bare coupling constant,
which are independent of the subtraction scheme. However, for extracting physical conse-
quences it is necessary to use the language of finite, renormalized couplings, which implies
a choice of a particular subtraction scheme. However, the D-function and the anomalous
dimension are scheme-dependent from the three- and two-loop order respectively, and Eq.
(1) is not in general satisfied. Thus, it is necessary to find the subtraction scheme in which
Eq. (1) is valid for the renormalization group functions defined in terms of the renormalized
charges. We argue that such a scheme exists and is fixed by the condition that the renor-
malization constants should be equal to unity at some fixed value x0 of ln(Λ/µ) in the case
of using the higher covariant derivative regularization. (Here Λ is the cut-off parameter and
µ is the renormalization scale.) We will see that for x0 = 0 this prescription is equivalent to
subtracting exclusively powers of ln(Λ/µ). This is the reason why we call it HD+MSL, where
HD is the abbreviation of Higher Derivatives, and MSL stands for Minimal Subtraction of
Logarithms.
1
Until now the D-function of N = 1 SQCD has been known to the order αs [4, 5]. Here,
using the higher covariant derivative regularization, we calculate it to the order α2s , where it
becomes scheme-dependent. First, we do this in terms of the bare coupling and verify Eq.
(1) to the three-loop order. Then, we reformulate the results in terms of the renormalized
coupling constant and check the HD + MSL prescription for the NSVZ-like scheme in this
approximation.
2 The Adler D-function to three-loop order
We consider the N = 1 supersymmetric Yang–Mills theory with Nf pairs of chiral superfields
φα and φ˜α in a representation R and its complex conjugate of a simple group G (with the
bare coupling g0) and with the charges qα and −qα with respect to U(1) (with the bare
coupling e0). We insert into the action powers of higher covariant derivatives and, to cancel
one-loop divergences, we introduce a set of three commuting chiral superfields in the adjoint
representation of G, with the masses proportional to Λ with the coefficient aϕ, and also a set
of anticommuting chiral superfields Φα and Φ˜α, α = 1, ..., Nf , in the same representations
of the group G and with the same U(1) charges as φα and φ˜α respectively, with the mass
proportional to Λ with the coefficient a.
The renormalized coupling constants αs = g
2/4pi and α = e2/4pi and the renormal-
ization costants for the chiral matter superfields Zi
j , such that φαi =
√
Z i
j(φR)αj and
φ˜iα =
√
Zj
i(φ˜R)
j
α, are defined in the standard manner. We can also define the renormal-
ization constants for the couplings: Zαs = αs/αs0 and Zα = α/α0. The one-loop relation
between the bare and renormalized strong coupling has the form
1
αs0
− 1
αs
=
1
2pi
[
3C2
(
ln
Λ
µ
+ b11
)
− 2NfT (R)
(
ln
Λ
µ
+ b12
)]
+O(αs), (2)
where b11 and b12 are finite constants that depend on a choice of a subtraction scheme.
Let us write the definition of the D-function and the anomalous dimension in terms of
the bare coupling constant
D(αs0) = − 3pi
2
d
d lnΛ
α−10 (α, αs,Λ/µ)
∣∣∣∣
α,αs=const
; γ(αs0)i
j = −d(lnZ)i
j
d lnΛ
∣∣∣∣
αs=const
, (3)
and in terms of the renormalized coupling constant
D˜(αs) = − 3pi
2
d
d lnµ
α−1 (α0, αs0,Λ/µ)
∣∣∣∣
α0,αs0=const
; γ˜(αs)i
j =
d(lnZ)i
j
d lnµ
∣∣∣∣
αs0=const
. (4)
The calculations show that in the considered order of perturbation theory the D-function
defined by Eq. (3) is given by an integral of a (double) total derivative with respect to the
momentum of the matter loop. This can be calculated by picking up contributions of poles
of the massless propagators. For the higher derivative regulator R(x) = 1 + xn the results
for the D(αs0) in the three-loop approximation and γi
j(αs0) in the two-loop approximation
have the form [6]
D(αs0) =
3
2
Nf∑
α=1
q2α
[
dim(R) +
αs0
pi
trC(R) +
3α2s0
2pi2
C2 trC(R)
(
ln aϕ + 1
)
−α
2
s0
pi2
NfT (R) trC(R)
(
ln a + 1
)
− α
2
s0
2pi2
tr
(
C(R)2
) ]
+O(α3s0) (5)
2
and
γ(αs0)i
j = −αs0
pi
C(R)i
j − 3α
2
s0
2pi2
C2C(R)i
j
(
ln aϕ + 1
)
+
α2s0
pi2
NfT (R)C(R)i
j
(
ln a+ 1
)
+
α2s0
2pi2
(
C(R)2
)
i
j +O(α3s0), (6)
where tr(TATB) = T (R)δAB, C(R)i
j = (TATA)i
j , C2δ
CD = fABCfABD, and dim(R) is the
dimension of the representation R. It is easy to see that these functions satisfy the NSVZ-like
relation
D(αs0) =
3
2
Nf∑
α=1
q2α
(
dim(R)− tr γ(αs0)
)
+O(α3s0), (7)
which gives (1) when the gauge group is SU(N) and the matter superfields belong to the
fundamental (and antifundamental) representation.
3 The NSVZ-like subtraction scheme
Similarly to [7], we define the subtraction scheme in which we expect the relation (1) to be
valid for the RG functions defined in terms of the renormalized coupling constant by a set
of boundary conditions imposed on the renormalization constants at some fixed value x0 of
ln(Λ/µ),
Z(αs, x0)i
j = δi
j ; Zα(α, αs, x0) = 1; Zαs(αs, x0) = 1. (8)
Moreover, in this scheme D˜ and γ˜i
j have the same expansion in αs as respectively D and γi
j
have in αs0 and, therefore, satisfy the equation similar to Eq. (7) but with the argument αs
(see [6] for all details).
Integrating Eqs. (5) and (6) with respect to ln Λ with the fixed renormalized couplings,
we can recover the expressions for α−10 − α−1 and (lnZ)ij respectively. The result contains
some constants of integration, which are interpreted as finite constants fixing a subtraction
scheme. Then, differentiating the obtained expressions with respect to lnµ according to Eq.
(4) we find the D-function defined in terms of the renormalized coupling,
D˜(αs) =
3
2
Nf∑
α=1
q2α
(
dim(R) +
αs
pi
trC(R) +
α2s
pi2
[
− 1
2
tr
(
C(R)2
)
+
3
2
C2 trC(R)
×
(
ln aϕ + 1 + d2 − b11
)
−NfT (R) trC(R)
(
ln a+ 1 + d2 − b12
)]
+O(α3s)
)
, (9)
where b11 and b12 are the finite constants from the one-loop expression for αs (2) and d2
appears in the expression
α−10 − α−1 = −
1
pi
Nf∑
α=1
q2α
(
dim(R)
(
ln
Λ
µ
+ d1
)
+
αs
pi
trC(R)
(
ln
Λ
µ
+ d2
)
+O(α2s)
)
. (10)
Similarly, we obtain the anomalous dimension defined in terms of the renormalized coupling
constant,
γ˜(αs)i
j = −αs
pi
C(R)i
j +
α2s
pi2
[
− 3
2
C2C(R)i
j
(
ln aϕ + 1 + g1 − b11
)
+NfT (R)C(R)i
j
(
ln a+ 1 + g1 − b12
)
+
1
2
(
C(R)2
)
i
j
]
+O(α3s), (11)
3
where g1 is a constant that appears in
lnZi
j =
αs
pi
C(R)i
j
(
ln
Λ
µ
+ g1
)
+O(α2s). (12)
From Eqs. (2), (10), and (12) we see that the conditions (8) give b11 = b12 = −x0, g1 = −x0,
d1 = d2 = −x0. Thus, if the conditions (8) are satisfied, the finite constants cancel each
other in Eqs. (9) and (11). Therefore, D˜ and γ˜i
j are given by the same functions as D and
γi
j and the exact relation (1) is valid for them as well.
For x0 = 0 the conditions (8) require that all the finite constants be equal to zero, and it
is only the logarithms that remain (this obviously occurs in all orders). For this reason we
call the corresponding prescription HD +MSL.
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